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With the help of the numerical renormalization group method, we theoretically investigate the
Josephson phase transition in a parallel junction with one quantum dot embedded in each arm. It
is found that in the cases of uniform dot levels and dot-superconductor couplings, the Josephson
phase transition will be suppressed. This is manifested as the fact that with the enhancement of
the electron correlation, the supercurrent only arrives at its pi′ phase but cannot enter its pi phase.
Moreover, when the dot levels are detuned, one pi′-phase island appears in the phase diagram. Such
a result is attributed to the nonlocal motion of the Cooper pair in this structure. We believe that
this work can be helpful in understanding the Josephson phase transition modified by the electron
correlation and quantum interference.
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Introduction— The successful fabrication of quan-
tum dots (QDs) allows scientists to investigate the
conventional electron correlation in the mesoscopic
circuits, due to their strong Coulomb repulsion and
shiftable levels. It has been found that the Kondo
effect, the most typical electron correlation, indeed
take effect to the electron tunneling[1–3]. More-
over, when one QD is introduced in one Josephson
junction, the strong electron interaction drives the
well-known Josephson phase transition[4–7]. If the
Kondo temperature TK is larger than the supercon-
ducting pairing energy ∆, a Kondo singlet will form
by breaking Cooper pairs at the Fermi level, and
then the 0-junction behavior takes place. Instead,
the Josephson junction will enter its pi phase[7].
Such a result has been predicted theoretically and
observed experimentally, by either the sign change
of the supercurrent or the crossing behavior of the
Andreev bound states[8]. When one QD molecule
is introduced to the Josephson junction, the spin
correlation, Cooper-pair correlation, and the quan-
tum interference mechanisms will take effect simul-
taneously, which leads to more interesting Josephson
phase transition behaviors. For instance, in a T-
shaped double-QD junction, novel transition occurs
in the half-filled case, differently from the serially-
coupled geometry[9–11]. In the Fano-Josephson
junction, an intermediate bistable phase has been
found to appear in the phase-transition process[12].
With respect to the multi-QD structures, QDs can
couple to the leads in a parallel way, in addition
to forming the QD molecules. One typical case is
the well-known parallel double-QD system, in which
the Aharonov-Bohm effect can be observed if local
magnetic flux is introduced[13–15]. When the reso-
nant and nonresonant channels are constructed, the
Fano effect has an opportunity to govern the quan-
tum transport result[16]. Moreover, in the paral-
lel double-QD system, the strong Coulomb inter-
FIG. 1: Schematic of a parallel double-QD Josephson
junction. The two QDs connect with two s-wave SCs,
respectively.
actions are able to induce the RKKY or SU(4)
Kondo effects[17–20]. In view of the special prop-
erties of the parallel double-QD system, it is natu-
ral to think that they can drive interesting Joseph-
son phase transitions. However, such a topic has
not been discussed so far. In this Letter, we would
like to evaluate the Josephson effect in one parallel
double-QD junction with two QDs coupled to the
SCs, respectively. After calculation, we see that the
uniformity of the two arms weakens the Josephson
phase transition, manifested as the fact that the su-
percurrent only arrives at its pi′ phase with the en-
hancement of the electron correlation. Such a result
reflects the special Josephson phase transition char-
acteristics in the parallel double-QD junction.
Theory— The Hamiltonian of the parallel Joseph-
son junction is written as H = HS +HD +HT . The
first term is the Hamiltonian of the SCs within the
standard BCS mean-field approximation. It takes
the form as
HS =
∑
αkσ
εαka
†
αkσaαkσ +
∑
αk
(∆eiϕαaαk↓aα−k↑
+∆e−iϕαa†α−k↑a
†
αk↓). (1)
ϕα and ∆ are superconducting phase and energy
gap, respectively, with α = L,R. a†αkσ(aαkσ) is
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2the operator that creates (annihilates) an electron
with energy εαk for SC-α, where k is the momen-
tum quantum number of the free conduction elec-
trons. Next, HD, modeling the Hamiltonian for the
two QDs, reads
HD =
∑
jσ
εjd
†
jσdjσ +
∑
j
Ujnj↑nj↓. (2)
d†jσ(djσ) is the operator to create (annihilate) an
electron with energy εj and spin σ in QD-j (j =
1, 2). Uj indicates the strength of intradot Coulomb
repulsion in the corresponding QD. The last term of
H denotes the coupling between the QDs and SCs.
For our considered system, it can be directly written
as
HT =
∑
jαkσ
(Vαjka
†
αkσdjσ + h.c.). (3)
Vαjk describes the QD-SC coupling coefficient.
It is well-known that the phase difference be-
tween SCs drives finite current through one Joseph-
son junction. With respect to such a junction, the
supercurrent properties can be evaluated by the fol-
lowing formula IJ =
2e
~
∂〈H〉
∂ϕ =
2e
~
∂F
∂ϕ . ϕ = ϕL − ϕR
is the phase difference between the SCs, and 〈· · · 〉
is the thermal average. Besides, F is the free en-
ergy of the Josephson junction. As one typical case,
i.e., zero temperature, F will be simplified to be the
ground-state (GS) energy of the system EGS . As a
result, the supercurrent can be rewritten as
IJ =
2e
~
∂EGS
∂ϕ
. (4)
Note that in such a structure, the GS deter-
mination is a formidable task, which usually re-
quires one appropriate approximation scheme, such
as the mean-field approximation and zero band-
width approximation[23, 24]. However, in compar-
ison with these methods, the numerical renormal-
ization group (NRG) method is more accurate to
reflect the properties of the GS energy[25, 26]. We
will perform the NRG method to figure out the GS
energy. For calculation, we would like to take a few
simplifications as follows. The two SCs are assumed
to be identical (εLk = εRk = εk and ∆L = ∆R = ∆)
except for a finite phase difference ϕ = ϕL − ϕR;
without loss of generality we put ϕL = −ϕR = ϕ/2.
In the normal state, the conduction bands on the
SCs are symmetric with a flat density of states ρ0
and the bandwidth D above and below the Fermi
energy. Besides, we only consider the symmetric
junction, Vαjk = V . The SC-QD coupling is well
characterized by the single parameter t0 = piV
2ρ0,
which will be fixed t0 = 0.04D throughout this work.
Numerical results and discussions— With the
help of the above theory, we proceed to evaluate
FIG. 2: (a) Phase diagram of the Josephson junction
with parallel double QDs. (b) GS level of the junction
with the increase of intradot Coulomb strength.
the zero-temperature supercurrent in the Josephson
junction with parallel double QDs. Before discus-
sion, the phase of the Josephson junction should be
defined first. If the system’s GS energy as a function
of ϕ has a global minimum at the point of ϕ = 0
(ϕ = pi), the junction will be located as its 0 (pi)
phase. For the 0′ (pi′) phase, it describes the case
where one local minimum emerges at the point of
ϕ = pi (ϕ = 0) in the EGS spectrum, in addition to
the global minimum at ϕ = 0 (ϕ = pi)[27].
In Fig.2 we take εj = ε and Uj = U to calculate
the supercurrent properties in the parallel double-
QD junction. For this purpose, we firstly plot the
phase diagram of the supercurrent in Fig.2(a). One
can clearly find that such a phase diagram is very
similar to the single-arm result, and the phase transi-
tion takes place in the region of −U < ε < 0 [27, 28].
However, regardless of the change of the Coulomb
interactions or the QD levels, the supercurrent can
only arrive at its pi′ phase, but no pi-phase super-
current comes into being. This means that the par-
allel double-QD junction exhibits the special phase-
transition behavior. Such a phase transition can be
checked by the result in Fig.2(b), which describes the
GS energy as a function of the intradot Coulomb in-
teraction in the case of ε = −10.0. It shows that
with the increase of U , the global minimum of the
GS energy moves from the point of ϕ = 0 to the po-
sition of ϕ = pi. Note that in this process, the local
minimum of the GS energy always exists the point
of ϕ = 0, and it becomes more apparent with the
further increase of Coulomb interaction. Therefore,
such a junction can only reach its pi′ phase under the
situation of identical QDs and QD-SC couplings.
In order to further discuss the special Josephson
phase transition, we plot the spectra of supercurrent,
average electron occupation in the QDs, and spin
correlations in this junction. The numerical results
correspond to Fig.3(a)-(c), respectively, where rele-
vant parameters are taken to be εj = ε with U = 20
and ϕ = pi2 . In Fig.3(a), one can find that the super-
current profile is symmetric about the electron-hole
symmetry point ε = −U2 , and two peaks appear at
the positions of ε = 0 and ε = −U , respectively. For
3FIG. 3: (a)-(c) Spectra of the supercurrent, average elec-
tron occupation, and spin correlation with shift of QD
levels. Relevant parameters are fixed at U = 20 and
ϕ = pi
2
. (d)-(f) Illustration of the electron tunneling in
region C.
the part of ε > −U2 , it shows that with the decrease
of the QD levels to the point of ε = 0, the supercur-
rent magnitude reaches its maximum, whereas the
following decrease first suppresses the current mag-
nitude and then reverses the current direction at the
position of ε ≈ −4.0. Similarly, when the QD lev-
els increase from the region of ε < −U , the same
process can also be observed.
The supercurrent spectrum in Fig.3(a) can be
clarified with the help of the results in Fig.3(b)-(c).
In order to perform discussion, we would like to di-
vide the supercurrent spectrum into five regions ac-
cording to its variation manner, i.e, regions A, B,
C, D, and E. Firstly, we pay attention to the edge
of regions A and B where ε = 0. At this point,
the total electron number in the QDs is equal to 1.0
with Nσ = Nσ¯, and the antiferromagnetic correla-
tion between the QD and SCs reaches its maximum.
Thus, it is the QD-SC Kondo correlation that magni-
fies the 0-junction behavior. The underlying physics
can be understood as follows. When the QD levels
(i.e., ε1(2)) are tuned to the energy zero point, both
of them will be half occupied and the levels εj + U
are empty. In such a case, one can view the parallel
double QDs to be one large QD by considering the
two arms as the pseudospin indexes. Surely, the uni-
formity of two arms gives rise to the degeneracy of
pseudospin states. One can then find that such aQD
is singly occupied at the case of ε = 0, which drives
the occurrence of the Kondo effect. According to
the previous works, this is exactly the orbital-Kondo
effect. Therefore, the enhanced orbital-Kondo cor-
relation magnifies the Josephson effect. Next, when
the QD levels decrease, one new electron is allowed
to enter such a large QD. The lowest-energy princi-
ple certainly demands one spin singlet to form in the
QD, leading to the weakness of the QD-SC Kondo
correlation and the strengthening of the antiferro-
magnetic correlation between QD-1 and QD-2. As
a result, the supercurrent magnitude is suppressed
gradually in region B.
For the result in region C, Fig.3(b) shows that the
average electron occupation increases with the de-
crease of the QD levels, and Nσ = 2.0 and Nσ¯ = 0.
The reason consists in the fact that each QD is oc-
cupied by one electron and the two electrons possess
identical spin orientation. This certainly leads to the
ferromagnetic spin correlation between the QDs. As
shown in Fig.3(c), 〈S1 · S2〉 ≈ 0.3 in such a region.
Since this ferromagnetic correlation arises from the
indirect coupling between the two QDs via the SCs,
it cannot be viewed as the RKKY correlation. Note,
however, that in such a case, the spin-Kondo tem-
perature will be less than the superconducting gap
in this region, hence the Cooper-Pair correlation will
govern the Josepshon effect. And then, the spin or-
dering of one Cooper pair can be changed during its
motion process, which induces the pi-junction behav-
ior [See Fig.3(d)-(f)]. It should be noticed that due
to the existence of the two identical channels, an
electron is allowed to pass through them with the
same probability. Accordingly, the nonlocal motion
of the electrons in one Cooper pair weakens the pi-
junction behavior but only leads to the occurrence
of the pi′-phase suppercurrent.
When the QD levels further decrease, levels εj
will not provide channels for the Cooper-pair mo-
tion, because they are far below the Fermi level of
the system. In such a case, the two levels can still be
considered to the levels of two opposite-pseudospin
states. Due to their degeneracy, the spin singlet
should formed. Thus, the strong antiferromagnetic
correlation takes place in region D. Meanwhile, the
levels εj + U begin to get close to the Fermi levels.
At the case of ε = −U , such two levels will con-
tribute to the orbital-Kondo effect, leading to the
enhancement of the 0-junction behavior. Next, with
the further decrease of the QD levels, both of the
QDs will be fully occupied, and then the Joseph-
son effect is weakened in region E. Up to now, the
supercurrent property in Fig.3(a) has been clarified.
In Fig.4, we take U = 20 and detune the QD
levels to further present the supercurrent character-
istics. The phase diagram is shown in Fig.4(a). One
can clearly observe that this phase diagram exhibits
an isolated island of the pi′-phase region, bounded
by the lines of ε1(2) = 0 and ε1(2) = −U . Out-
side this island, it is one circular 0-phase region.
Next, with the further detuning of the QD levels,
the pi-junction behavior has opportunities to ap-
pear under the situations of εj  −U or εj  0,
while εj′ shifts around the electron-hole symmetry
point (i.e., −U < εj′ < 0). Surely, such a phe-
nomenon originates from the fact that only one arm
contributes to the Cooper-pair tunneling. In re-
4FIG. 4: (a) Influence of detuning the QD levels on the
phase diagram of the Josephson junction with parallel
double QDs. The system’s Coulomb strength is taken to
be U = 20. (b)-(d) Spectra of the supercurrent, average
electron occupation, and spin-spin correlation in the case
of ε2 = −U2 with ϕ = pi2 .
cent years, the appearance of the isolated-island re-
gion and the pi′ phase is largely suppressed have
become one important interest in the aspect of the
Josephson effect modified by the electron correlation
mechanism[11, 29]. One can then ascertain that the
result in Fig.4(a) provides new information for un-
derstanding the isolated-island behavior of the phase
transition.
In addition to the isolated-island behavior, in
Fig.4 one can find that abundant phase transition
phenomenon takes place when the level of one QD
is fixed at the region of −U < εj < 0. In view of
this result, we would like to take ε2 = −10 (i.e.,
ε2 = −U2 ) to reveal the supercurrent property by
shifting the level of QD-1. The supercurrent curve is
shown in Fig.4(b). It shows that when ε2 decreases
from 20 to 5.0, the supercurrent direction changes
smoothly, hence the direct pi → 0 phase transition
comes into being. Next, in the case of ε2 = −2.0, the
positive supercurrent reaches its maximum. Mean-
while, both the direction and magnitude of the su-
percurrent undergo their sharp change at this posi-
tion. As a consequence, the Josephson junction en-
ters its pi′ phase. These results can be explained as
follows. The decrease of ε2 causes its-embedded arm
to contribute to the Cooper-pair tunneling. To be
specific, this leads to the occurrence of the 0-phase
suppercurrent due to the weak electron correlation.
The enhancement of such suppercurrent gives rise
to the direct pi → 0 phase transition process. Next,
when ε2 decreases below the system’s Fermi level,
an electron has a chance to enter QD-2. Accord-
ingly, the QD-SC Kondo correlation will take its ef-
fect to the Josephson phase transition [See Fig.4(c)-
(d)]. Note that in such a case, the Kondo correlation
also exists in the arm with QD-1. The interplay be-
tween the two Kondo correlation has an opportunity
to induce the RKKY effect, which can be viewed as
the reason for the 0′-phase supercurrent. As the
level of QD-2 further decreases, its spin occupation
will become robust, similar to QD-1. And then, the
pi′-phase behavior comes into play.
Summary— In summary, we have presented an
analysis about the Josephson phase transition in a
parallel junction in which its each arm has one em-
bedded QD. It has been found that if the two QDs
are half occupied, the Josephson phase transition
will become weak. To be concrete, with the enhance-
ment of the electron correlation, the supercurrent
can only arrive at its pi′ phase but does not enter its
pi phase. Via analysis, we consider such a result to be
caused by the nonlocal motion of the two electrons of
one Cooper pair in its motion process. In addition,
the isolated-island behavior has been observed when
the QD levels are detuned. Based on the obtained
results, we believe that this work can be helpful in
understanding the Josephson phase transition mod-
ified by interaction between the electron correlation
and the quantum interference.
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